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Goal:

Reinforcement Learning (RL)

rewards

Maximize long-term 
expected reward.



Modern Deep RL Algorithms

dataset of 
transitions off-policy

learning

Figures adapted from Sergey Levine

Training 
deep neural 
net policies

Typically solved 
“approximately” using 
gradient descent for a 
fixed number of steps

How does this approximate optimization procedure affect learning?

1. Train Q-functions by minimizing TD Error:

2. Collect new data in the environment by rolling 
out the learned policy.

Q-Learning



Data-Efficient Deep Reinforcement Learning
Data-Efficient Deep RL: Want to learn the most per unit amount of experience/data

How can we obtain data-efficiency?

Supervised Learning:
Train more, control for statistical overfitting
Train error = 0, validation error = high

Typically 
100-200 
updates per 
datapoint

Reinforcement Learning: 
Training >=1 step per datapoint leads to poor 
performance

Fu*, Kumar* et al. Diagnosing Bottlenecks in Deep Q-Learning Algorithms. ICML 2019.
Fedus*, Ramachandran*, Agarwal et al. Revisiting Fundamentals of Experience Replay. ICML 2020.

n = 1

n = 4

n = 8

OK, maybe I need to 
prevent overfitting?

But training error is 
high with larger n

Why do we see “underfitting” with more training?



Deep Q-learning
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TD Error

Bootstrapped Target



Deep Q-learning
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TD Error

Bootstrapped Target

Regress to targets generated using
previous Q-instances.



RL with Experience Replay
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● FOR every environment interaction:
○ FOR step= 1, .. , K:

■ Sample (s, a) pairs of size N from replay 
■ Minimize TD-error using above samples



Data-Efficient RL Setting
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● FOR every environment interaction:
○ FOR step= 1, .. , K:

■ Sample (s, a) pairs of size N from replay 
■ Minimize TD-error using above samples

1. Fedus, Ramachandran, Agarwal, Bengio, Larochelle, Rowland, and Dabney. Revisiting fundamentals of experience replay. ICML (2020).
2. Fu*, Kumar*, Soh and Levine. Diagnosing bottlenecks in deep q-learning algorithms.  ICML (2019).

More gradient steps (K) per unit data (N)



Data-Efficient Deep Q-learning
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Minimize 
TD Error

Qθ(s, a) Gradient Descent



Implicit Under-Parameterization
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TD Error

Qθ(s, a) Gradient Descent

Q-network implicitly behaves as 
low capacity network!

Low Capacity Neural Net



Singular 
Values

Effective Rank of a Matrix
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1. Yang, Yuzhe, et al. "Harnessing structures for value-based planning and reinforcement learning." ICLR (2020).

Penultimate 
layer features

Effective Rank



Implicit Under-Parameterization
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Reduction in the effective rank of the features, srankδ(Φ) , that occurs 
implicitly as a by-product of learning deep neural net Q-functions.
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Empirical evidence for Implicit Under-Parameterization



(Data-Efficient) Offline RL
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1. Agarwal, Schuurmans, and Norouzi. "An optimistic perspective on offline reinforcement learning." ICML (2020).



Implicit Under-Parameterization in Offline RL
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T gradient updates per 
iteration in neural FQI

, Performance

Gridworlds (FQI)



Implicit Under-Parameterization in Offline RL
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, Performance

Atari (DQN)



Implicit Under-Parameterization in Offline RL
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MuJoCo (SAC)



IUP in Data-Efficient Online RL 
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Gridworlds (FQI) Atari (DQN) MuJoCo (SAC)



1. van Hasselt, Hessel, and Aslanides. When to use parametric models in reinforcement learning? NeurIPS (2019)

Data-Efficient Online Rainbow

Data-Efficient Rainbow is data inefficient!



How does implicit under-parameterization 
degrade performance?

Supervised Regression to Q* with learned features



How does implicit under-parameterization 
degrade performance?

TD error typically increases for features which show higher rank collapse.



How does implicit under-parameterization 
degrade performance?



Implicit under-parameterization 
Is NOT caused by non-stationarity in RL

Using oracle access to exact Qⲡ for computing the target values does not significantly decrease in 
rank, and training for longer can increase feature rank.



Is implicit under-parameterization 
caused by bootstrapping?



Theoretical Analysis of Implicit Under-Parameterization



Self-distillation induces regularization

Mobahi et al. Self-distillation amplifies regularization in hilbert space. NeurIPS (2020).



Analysis via Kernel Regression (NTK)

Kernel Regularizer 
capturing implicit bias 

of gradient descent

1. Mobahi et al. Self-distillation amplifies regularization in hilbert space. NeurIPS (2020).
2. Jacot, A. et al. Neural tangent kernel: Convergence and generalization in neural networks. NeurIPS (2018).

Self-distillation:

RL with bootstrapping:



Analysis via Kernel Regression (NTK)

1. Mobahi et al. Self-distillation amplifies regularization in hilbert space. NeurIPS (2020).
2. Jacot, A. et al. Neural tangent kernel: Convergence and generalization in neural networks. NeurIPS (2018).

Green’s 
function



Green’s function

1. Dean G Duffy. Green’s functions with applications. CRC Press, 2015
2. Mobahi et al. Self-distillation amplifies regularization in hilbert space. NeurIPS (2020).



Green’s function

1. Mobahi et al. Self-distillation amplifies regularization in hilbert space. NeurIPS (2020).

Notice 
similarity 
with NTK!



Solution using Green’s Function



Analysis via Kernel Regression (NTK)

Solution

There exists an increasing sequence {k1, k2, .. kl, .., k∞ } 
of iterations such that effective rank of Mk decreases.



Analysis via Deep Linear Networks

Gradient descent with deep networks has an implicit regularization effect in 
supervised learning.

Gunasekar et al. Implicit Regularization in Matrix Factorization. NeurIPS 2017.
Arora et al. Implicit Regularization in Deep Matrix Factorization. NeurIPS 2019

Check Arora et al. (2019) for how this regularization is more complex ..



Analysis via Deep Linear Networks

Wɸ

WN

3 or more linear layers



Analysis via Deep Linear Networks

Arora et al. Implicit Regularization in Deep Matrix Factorization. NeurIPS 2019

“Rich gets richer” effect!

Relaxed assumptions .. Arora 
et al. trivially leads to rank 1 

features  



Analysis via Deep Linear Networks



Compounding rank drop 

Closure. If function class can represent Q, then it can also represent the 
bootstrapped target, that is,  

Change in srank. 



Proof outline: Compounding drop 



Analysis via Deep Linear Networks

“Self-training” regime gets activated near convergence!

Near 
convergence



Consequence of rank drop near convergence



Mitigating Implicit Under-Parameterization 
Improves Deep Q-learning



Thank you!


